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Lecture 04: Optimum Design
Problem Formulation
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Outline

* Introduction
* Five-step formulation procedure
e General mathematical model for optimum design

* Classification of optimization problems
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Introduction

* Proper definition and formulation of a problem take
roughly 50 percent of the total effort needed to solve it.

* The optimum solution will be only as good as the
formulation.
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* Step 1: Project/problem description

* Step 2: Data and information collection
» Step 3: Definition of design variables

* Step 4: Optimization criterion

e Step 5: Formulation of constraints

Five-step Formulation Procedured
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Step 1: Project/Problem Descriptiof

* The statement describes the overall objectives of the
project and the requirements to be met.

* This is also called the statement of work.
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Example 1: Design of a Cantilev:
Beam—Problem Description

Cantilever beams are used in many practical applications in civil, mechanical, and acrospace

i g To illustrate the step of problem description, we consider the design of a hollow
square-cross-section. cantilever batm to support a load of 20kN at its end. The beam, made of
steel, is 2m long, as shown in Figure 21, The failure conditions for the beam are as follows:
1} the material should not fail under the action of the load, and (2) the deflection of the §
should be no more than 1 em. The width-to-thickness ratio for the beam should be no mone
A minimum-mass beam is desired. The width and thickness of the beam must be within the
following limits:

60 = widith = 300 mm [E1]
10 = thickness = 40 mm (b)
:
~ I "
! " D
L
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Step 2: Data and Information
Collection

EXAMPLE 2.2 DATA AND INFORMATION COLLECTION
FOR A CANTILEVER BEAM

The information needed for the atilerer bann design probitem of Example 2.1 includes expros-
sions for bending and shear stresses, and the expression for the deflection of the free end. The
notation and data for this purpose are defined in the table that follows

Useful expressions for the beam are

A= uf = (= 207 = At = 1),

h
1= (C)]
24, el
- mm n
V=P N ()
o % N-mm? (hy
Ve =
= % N - mm—* i
PL il
4= 3. Mm i
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Step 2: Data and Information
Collection

Matation Data

A Cromn-ar o
[ a6 of elasticity, 21 % W N man ¥

a shear modulus, 8= 10° 5 mm

' et of nertia, mm®

L 000 mm

M N - mm

P 1, 20,000 N

Q axis of the arva above the neutral axds, mm®
] d, mm

1. e frwe end, 10

165N cmm T

alloveable shoar stross, 40 8 - mm *
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Step 3: Definition of Design Step 3: Definition of Design

Variables Variables
* The design variables should be independent of each other as far as
possible. EXAMPLE 2.3 DESIGN VARIABLES FOR A CANTILEVER BEAM
* The number of independent design variables gives the design Only dimensions of the cross-section are identified as design variables for the amtilever baam
degrees of freedom for the problem. design problem of Example 2.1; all other parameters are specified:

* A minimum number of design variables required to properly

w = width ) of the section,
formulate a design optimization problem must exist. RERR LCTA E e se u

1=wall thickness, mm

* As many independent parameters as possible should be designated
as design variables at the problem formulation phase > later on,
some of the variables can be assigned fixed values.

* A numerical value should be given to each identified design variable
to determine if a trial design of the system is specified.
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Step 4: Optimization Criterion Step 5: Formulation of Constraintg

It must be a function of the design variable vector x. ¢ All restrictions placed on the design are collectively called
constraints.
e Such a criterion is usually called an objective function for the

optimum design problem, and it needs to be maximized or * Most realistic systems must be designed and fabricated with the
minimized depending on problem requirements. given resources and must meet performance requirements.
* A meaningful constraint must be a function of at least one design
variable.
EXAMPLE 2.4 OPTIMIZATION CRITERION FOR A
CANTILEVER BEAM * Concepts and terms related to constraints:
For the design problen in Example 2.1, the objective is to design a minimum-mass cantilever - Linear and Nonlinear Constraints
beam. Since the mass is proportional to the cross-sectional area of the beam, the objective func- - Feasible Design
tion for the problem is taken as the cross-sectional area: — Equality and Inequality Constraints

fler, )= A= 4t — f), mm? &) — Implicit Constraints
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Step 5: Formulation of Constraint

EXAMPLE 2.5 CONSTRAINTS FOR A CANTILEVER
BEAM

Using various expressions given in Eqs. (o) through (j), we formulate the constraints for the
wanbilever b design prodiens from Example 2.1 as follows:

Bending stress constraint: o =,

-‘g"—n.-_'rr in
Shear stress constraint: « PQ Y .
T m)
Deflection constratint: 4= qu ik
357 =0 (n
Widlth—thickness restriction: f = 8 =i )
Disnension restrictions
60 —w=0, mm; w—300=0, mm ip)
3 S0, mm: #—15=0, mm i
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Design of a Can

STEP I: PROJECT/PROBLEM DESCRIPTION The purpose of this project is to design a
can, shown in Figure 2.3, to hold at last 400 ml of liquid (1 ml=1cm?), as well as to meet
other design requirements. The cans will be produced in the billions, so it is desirable to
minimize their manufacturing costs. Since cost can be directly related (o the surface area
of the sheet metal used, it s reasonable o minimize the amount of sheet metal required.
Fabrication, handling, aesthetics, and shipping considerations impose the following restric-
tions on the size of the can: The diameter should be no more than 8 cm and no less than
3.5 cm, whereas the height should be no more than 18 am and no less than 8 cm.

¢ y—p HFGURE2I Can
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Design of a Can

STEP 2: DATA AND INFORMATION COLLECTION  Data for the problem are given in the
project statement.

VARIABLES The two design variables are defined as

STEP 3: DEFINITION OF DES,

D= diameter of the can, cm
H = height of the can, em

STEP 4: OPTIMIZATION CRITERION The design objective is to minimize the total sur-
face area 5 of the sheet metal for the three parts of the cylindrical can: the surface area of
the cylinder (circumference X height) and the surface area of the two ends. Therefore, the
nctions (the total area of sheet metal), is given as

optimization criterion, or cos

IfJ‘*—E(-'l-IT:]. om? (a)

wl
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Design of a Can

STEP 5: FORMULATION OF CONSTRAINTS  The first constraint is that the can must hold
at least 400 em® of fluid, which is written as

—:D"H = 400, cm® o]

If it had been stated that “the can must hold 400 ml of Auid,” then the preceding volume
constraint would be an equality. The other constraints on the size of the can are

D=8, cm

H=18, ecm

Side constraints, technological
constraints, simple bounds, sizing
constraints,
and upper and lower limits on the
design variables
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Design of a Cabinet

STEP 1: PROJECT/PROBLEM DESCRIPTION A cabinet is assembled from components Cy, 5 . " - . .

Ca and Cs, Each cabinet tequires B.Cy, 5 Cy, and 15 Cs components, The assembly of C STEP 3: DEFINITION OF DESIGN VARIABLES In the first formulation, the following]
ki i pR Fps, Sl S . ki b ssign variables are identified f 1 cabinets:
requires either 5 bolts or 5 rivets, whereas C; requires 6 bolts or 6 rivets, and Cy requires 3 design varlables ave identfied: for 100 cabinels:
bolts or 3 rivets. The cost of installing a bolt, including the cost of the bolt itself, is $0.70 for
Cy, $1.00 for Cy, and S0.60 for Cy. Similarly, riveting costs are $0.60 for C;, $0.80 for €

Formulation 1 for Cabinet Design

1y = number of C; (o be bolted for 100 cabinets

. and

2 12 = number of C; to be riveted for 100 cabinets
$1.00 for Ca. Bolting and riveting capacities per day are 6000 and 8000, respectively. To min- 13 = number of C; to be bolted for 100 cabinets
imize the cost for the 1K cabinets that must be assembled each day, we wish to determine vy = number of Ca o be riveted for 100 cabinets
the number of components to be bolted and riveted (after Siddall, 1972),

x5 = number of Ty o be bolted for 100 cabinets
1s = number of C; to be riveted for 100 cabinel

STEP 2: DATA AND INFORMATION COLLECTION  All data for the problem are given in
the project statement. This problem can be formulated in several different ways depending
on the assumptions made and the definition of the design variables. Three formulations
are presented, and for cach one, the design variables are identified and expressions for the
cost and constraint functions are derived; that is, steps 3 through 5 are presented.

STEP 4: OPTIMIZATION CRITERION The design objective is to minimize the otal cost

of cabinet fabrication, which is obtained from the specified costs for bolting and riveting
each component:

Cost = 0.70{5)xy + 0605wy + L6y + 080060 + 0603 + LIN3 )y,

{a
= 3511 + 3.0z + 6053 + £.8xg + 1.8xs + 300, )
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Formulation 1 for Cabinet Design Formulation 2 for Cabinet Design

STEP 5: FORMULATION OF CONSTRAINTS The constraints for the problem consist of
iveting and bolting capacitics and the number of cabinets fabricated each day. Since 100
\I[‘Illl'.h must l\.'. fabricated, the required numbers of C,, and Cy are given in the 1y = total number of bolts required for all C;
ollowing constraints: 13 = total number of bolts required for all C;y

STEP 3: DEFINITION OF DESIGN VARIABLES 1f we relax the constraint that each compo
nent must be bolted or riveted, then the following design variables can be defined:

T +r2=8% 100 (number of C; needed) 15 = total number of bolts required for all Cy
< . 1y = total number of rivets required for all C
T3+ xy=5% 100 (number of C; necded) (b) ' 4 iy
S vs = total number of rivets required for all Cy

15+ =15 100 {(number of Cs needed)

Ve = total number of rivets required for all Cy

Bolting and riveting capacities must not be exceeded. Thus, STEP 4: OPTIMIZATION CRITERION The objective is still to minimize the total cost of

fabricating 100 cabinets, given as
Sxy + by + 3 6000 (bolting capacity) i
= Al = (8] Cost =070 + 10005 +0,60r; + 060y + 0.80xs + 1001, (el
3y + by + g S800  (riveting capacity)
Finally, all design variables must be non-negative to find a meaningful solution:
bk i=1tob6 {dy

Slide 19 of 31 Slide 20 of 31



8/31/2016

Formulation 2 for Cabinet Design

STEP 5: FORMULATION OF CONSTRAINTS  Since 100 cabinets must be built every day,
it will be necessary to have 800 Cy, 500 C;, and 1500 C; components. The total number of
bolts and rivets needed for all G, C;, and C; components is indicated by the following

equality constraints:
1 +x=5%x800 (bolts and rivets needed for Cp)
#5000  (bolts and rivets needed for Co) (n

T2+ x5

321500 (bolts and rivets needed for Cs)

Constraints on capacity for bolting and riveting are

1y + X3+ 13 =600 (bolting capacity)

i ; L]
vy + x5+ 1 =800 (riveting capacity)
Finally, all design variables must be non-negative:
=l i=ltoé {hy
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Formulation 3 for Cabinet Design

STEP 3: DEFINITION OF DESIGN VARIABLES Another formulation of the problem is
if we require that all cabinets be identical. The following design variables can be

possible

identified:
1y = number of G, to be bolted on one cabinet
vs = number of C; to be riveted on one cabinet
13 = number of Cs to be bolted on one cabinet
1y = number of Cs to be riveted on one cabinet
15 = number of Cy to be bolted on one cabinet
1y = number of Cy to be riveted on one cabinet

STEP 4: OPTIMIZATION CRITERION  With these design varables, the cost of fabricating
100 cabinets each day is given as
Cost = 1000750y + 0L60{5)r: + 1000601 + 0.806)xy + 0.6003)xs + 1.00(3)x) s

1

+ 3Nxg

= 350y + 300z + 600x3 + 480x; + 1805
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Formulation 3 for Cabinet Design

STEP 5: FORMULATION OF CONSTRAINTS Since each cabinet needs 8 Cy, 5 Cs, and
15 Cy components, the following equality constraints can be identified:

(number of C; needed)

1+

Ntr= (number of Cy needed) (1]
15+ x5 =15 (number of Cs needed)
Constraints on the capacity to rivet and bolt are expressed as the following inequalities:
(51 + 6y + 3us) 100 = 6000 (bolting capacity) )
{5y 4 firy + 3100 = 8000 (riveting capacity)
Finally, all design variables must be non-negative:

yi=0 i=ltob ih
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A General Mathematical Modelj
for Optimum Design

Standard Design Optimization Model

Find an n-vector x = (xy, 13, ..., 1,,) of design variables to
Minimize a cost function:
f)=flxy, ¥, ..., %)
subject to the p equality constraints:
hix)=hixy, x2. ... x)=0: j=ltop

and the m inequality constraints:

sx)=giln, x o w)=0 i=ltom
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Maximization Problem Treatment

Fix)

- f00 = —F()

()
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Treatment of “Greater Than Type”
Constraints

Gix) =0 —> gj(x)= -Gj(x) <,
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Important Observations about the
Standard Model

. Dependence of functions on design variables

. Number of equality constraints
. Number of inequality constraints
Unconstrained problems

Linear programming problems

I

Scaling of problem functions
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Feasible Set

S=(x|h=0, j=Ttop; gi(x)=0, i=1tom)

* Feasible region usually shrinks when more constraints
are added to the design model and expands when some
constraints are deleted.
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Active/lnactive/Violated Constrainti

* Constraints = active, tight, binding, inactive, or violated.

* An inequality constraint g(x) < O is said to be active at a design point
x*if it is satisfied at equality (i.e., g(x*) = 0) > also called tight or
binding.

* All equality constraints are active for all feasible designs.

* An inequality constraint gi(x) < 0 is said to be inactive at a design
point x*if it is strictly satisfied (i.e., g,(x*) <0).

¢ Itis said to be violated at a design point x* if its value is positive (i.e.,
gi(x*) > 0).

* An equality constraint h,(x)=0 is violated at a design point x* if h(x*)
is not identically zero.

* An equality constraint is either active or violated at a given design
point.

Slide 29 of 31

Assignment-1

* Arora Chapter 2:
- Problems 2.5, 2.7, 2.11, 2.16, 2.17.

Problems

Continuity

Dynamic I

Time

Optimization
Problem
Classification

nistic

Data

Convexity

s o®

Stochastic

Classification of Optimization

ol
Linear

Linearityb—.ar

Design
Variabler

Constraints

Quantitative
Discrete

Qualitative

inad
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